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Abstract: The collisional drift wave instability is reexamined taking into account the
ion response in the direction parallel to the magnetic field lines, which appears due to fric-
tion with electrons and which can not be omitted in view of the momentum conservation.
A modified instability threshold is obtained. In plasmas with dominant electron collisions
with neutrals, the instability threshold is shifted towards higher frequencies, compared to
the case of dominant electron collisions with ions. The difference between the two cases
vanishes when the ion sound response is negligible, i.e., when the instability threshold
disappears, and both ions and neutrals react to the electron friction in the same manner.
PACS Numbers: 52.35.Kt, 52.30.Ex, 52.20.Fs
I. Within the standard fluid theory, the drift wave can be excited by electron collisions.
In this case, the usual relation between the electron perturbed density and the perturbed
potential, n1/n0 = eφ1/κTe, becomes modified due to the presence of the collisional term,
so that the potential lags behind the density.1,2 The effect appears regardless whether the
electrons collide, in their predominant motion along the magnetic field vector, with ions or
with neutrals.3,4 Compared with the kinetic instability (which is due to the inverse electron
Landau damping effect, that appears because the mode frequency is slightly below the
diamagnetic frequency), the collisional instability is dominant5 provided that the electron
parallel mean-free path is smaller than the parallel wavelength. Hence the interest in the
drift modes with very large parallel wave-lengths and relatively short perpendicular wave-
lengths. In view of the early theoretical prediction6,7 and experimental verification,8 the
amount of literature dealing with the drift wave is enormous. More recently, collisional
drift waves have been studied experimentally in cylindric plasma in Refs. 9-11. Details
on the experimental investigation of global coherent structures associated with the drift
mode in simple magnetized torus can be found in recent Refs. 12-14. The presence of
charged grains on the drift wave in a cylindric configuration has been studied in Ref. 15,
while the role of the drift wave in the transport phenomena may be found in the most
recent Refs. 16, 17.
Some convenient approximations that are made in the derivations include the limit
in which the complete dynamics of the heavier particles (i.e. ions and neutrals) in the
direction along the magnetic field is negligible, and the limit when electrons can be treated
as inertia-less
vTe ≫ ω/kz ≫ cs, cs = (κTe/mi)1/2. (1)
In the presence of collisions, the friction force term in the electron parallel momentum
equation is usually written in the form −meneνej~ve, where j = i, n. As a result one obtains
a standard phase shift in the electron Boltzmann distribution n1/n0 = (eφ1/κTe)(1− iδ),
that is responsible for the mode growth.
However, the conservation of momentum implies that the friction term in the electron
momentum equation should read −meneνej(~ve − ~vj) even when conventional criteria for
a negligible parallel dynamics of heavier particles are fulfilled, so that the corresponding
momentum component of the heavier species includes the friction term −mjnjνje(~vj−~ve).
Below, we perform derivations with such a full friction force term for some simple cases in
2
order to demonstrate the differences introduced by this friction-induced response of the
heavier species.
II. We first discuss a plasma with dominant collisions between the charged particles.
Note that this case may also include a rather weakly ionized plasma with n0 ≪ nn (the
index 0 here and below denotes the electron or ion equilibrium quantities). This is because
of the much larger cross section for collisions between charged particles. To have dominant
collisions with protons in a plasma containing electrons, protons and neutral atoms, the
electron number density should satisfy the condition
n0
nn
>
3σen(4πε0κTe)
2
(8π)1/2e4Lei
. (2)
Here we used the standard notation, and Lei is the Coulomb logarithm. Taking as an
example Te = 10
4 K, which gives18,19 σen = 2.5·10−19 m2 (here Lei = 6 for n0 = 1018 m−3),
it turns out that the electron-ion collisions are more frequent than the electron-neutral
collisions provided that n0/nn > 0.009. For the given temperature this is close to well
known estimate20 showing that, in terms of electron collisions, an ion is equivalent to
3.4 · 105(300/Te)2 ≃ 300 neutral atoms.
We use the continuity equation for electrons and ions placed in an external magnetic
field ~B0 = B0~ez
∂nj
∂t
+∇⊥(nj~v⊥j) +∇z(nj~vzj) = 0, j = e, i, (3)
where the linearized perpendicular velocities of electrons and ions are given by
~v⊥e1 =
1
B0
~ez ×∇⊥φ1 − v
2
Te
Ωe
~ez × ∇⊥ne1
ne0
, v2
Te = κTe/me, (4)
~v⊥i1 =
1
B0
~ez ×∇⊥φ1 − 1
ΩiB0
∂
∂t
∇⊥φ1. (5)
Here, the effects of collisions on the perpendicular electron dynamics is neglected in con-
trast to the parallel one, which is justified21 as long as k2zΩ
2
e/(k
2
yν
2
ei) > 1.
The electron parallel velocity is determined from
0 = en0
∂φ1
∂z
− κTe∂n1
∂z
−men0νei(vez1 − viz1), (6)
and the ion velocity from
∂viz1
∂t
= − e
mi
∂φ1
∂z
− νie(viz1 − vez1). (7)
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III. In what follows, we first present the ’standard’ derivation in which the ion parallel
velocity is only due to the parallel component of the perturbed electric field, while the
friction induced term in (7) is omitted with the usual excuse of the huge difference in
mass between the two species. In this case, the perturbed ion number density is described
by1,2
n1
n0
=
(
ω∗
ω
+
k2zc
2
s
ω2
− k2yρ2s
)
eφ1
κTe
. (8)
Using Eqs. (3), (6) the perturbed electron number density can be written as
n1
n0
=
ω∗ + k
2
zc
2
s/ω + ik
2
zDz
ω + ik2zDz
eφ1
κTe
, (9)
Dz =
v2
Te
νei
, ω∗ = −kyκTe
eB0
n′
0
n0
.
Here, we have taken ∇n0 = ~exdn0/dx, the perturbations are assumed to be of the form
∼ f(x) exp(−iωt + ikyy + ikzz), and we work in the frame of a local approximation.
The full collisional term, with perpendicular electron collisions included, should read
i(k2zv
2
Te/νei + ρ
2
ek
2
yνei), though the second term here is negligible in the limit discussed
earlier. Here, ρe = vTe/Ωe is the electron gyro-radius.
Note that k2zc
2
s/ω in Eq. (9), that appears due to the term νeiviz1 in Eq. (6), is usually
omitted in standard derivations [2]. The quasi-neutrality yields the dispersion equation
ω∗
ω
+
k2zc
2
s
ω2
− k2yρ2s =
ω∗ + k
2
zc
2
s/ω + ik
2
zDz
ω + ik2zDz
. (10)
We now take the limit
|ω| ≪ k2zDz, (11)
and assume that ω and ω∗ are of the same order. Used for convenience
1, the condition (11)
is in fact not always easily satisfied. Physically it describes5 the condition of isothermal
electrons along the field lines that has been assumed. It can be rewritten as (ω/kz)/vTe ≪
kzvTe/νei. The right-hand side gives the ratio of the electron mean free path vTe/νei and
the parallel wavelength, that in fact must be much less than unity in order to remain within
a proper fluid theory (i.e., for collisions being able to maintain Maxwellian distribution).
A few comments here are noteworthy.
i) If the parallel ion dynamics is completely neglected, we can write the dispersion equation
as follows: ∆(ω, ky) ≡ ∆r(ω, ky)+i∆i(ω, ky) ≃ ∆r(ωr, ky)+iωi∂∆r(ω, ky)/∂ω|ω=ωr+
4
i∆i(ωr, ky) = 0, where |∆i| ≪ |∆r| and where the subscripts r, i denote ’real’ and
’imaginary’. Setting the real and imaginary parts of this dispersion equation equal
to zero yields
ωr ≃ ω∗/(1 + k2yρ2s), ωi ≃ −∆i(ωr, ky)/(∂∆r/∂ω)ω=ωr =
ω2
∗
k2zDz
k2yρ
2
s
(1 + k2yρ
2
s)
3
. (12)
The increment is proportional to νei, which implies that, with the fixed ion back-
ground (in the parallel direction), the more collisions the larger the growth of
the wave is. Regarding the dependence on kyρs, the increment is maximal at
kyρs = 1/
√
2.
ii) With the ion sound response taken into account (assuming that k2zc
2
s is same order or
not much larger than ω2 and ω∗ω), the dispersion equation becomes
ω2(1 + k2yρ
2
s)− ω∗ω − k2zc2s +
iω
k2zDz
[
ω(ω − ω∗)− k2zc2s
]
= 0. (13)
Here, in the expansion on the right-hand side in Eq. (10), the sound contribution
yields a real and an imaginary term. The former, yielding a negligible correction
to the real frequency, is neglected, and we have only kept the imaginary term. The
real part of the frequency is determined from
∆r(ωr, ky) ≡ ω2r(1 + k2yρ2s)− ω∗ω − k2zc2s = 0. (14)
This is used in the imaginary part, yielding
ωi ≃ −∆i(ωr, ky)/(∂∆r/∂ω)ω=ωr =
ω2r
k2zDz
ω2rk
2
yρ
2
s
ω2r(1 + k
2
yρ
2
s) + k
2
zc
2
s
. (15)
iii) We note that in fact in the standard literature [2] the sound contribution k2zc
2
s/ω on
the right-hand side in Eq. (10) is neglected. It is easily seen that the origin of this
term is the term men0νeiviz1 in Eq. (6). In this case instead of Eq. (15) we obtain
ωi ≃ ω
2
r
k2zDz
ω2rk
2
yρ
2
s − k2zc2s
ω2r(1 + k
2
yρ
2
s) + k
2
zc
2
s
. (16)
Hence, there appears to be a threshold for the instability.
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IV. Of course, a self-consistent analysis should include the full friction force effect in
both, i.e., the ion and electron, parallel equations. This is simply due to the fact that the
two forces are necessarily equal by magnitude. Hence, we keep Eqs. (6, 7) as they are,
with the complete friction terms.
Combining the two parallel momentum equations, and using the conservation of mo-
mentum miνie = meνei, yields viz1 = kzc
2
sn1/(ωn0). Instead of Eq. (8), we now have
n1
n0
(
1− k
2
zc
2
s
ω2
)
=
(
ω∗
ω
− k2yρ2s
)
eφ1
κTe
. (17)
A procedure similar as earlier, now yields the electron number density
n1
n0
=
ω∗ + ik
2
zDz
ω − k2zc2s/ω + ik2zDz
eφ1
κTe
, (18)
instead of Eq. (9). Compare these two equations with Eqs. (8) and (9). Notice that
in both Eqs. (17) and (18), the ion parallel response appears in a completely different
manner.
Within the same approximations as earlier (i.e., ω2, ω∗ω, k
2
zc
2
s ≪ k4zD2z), the dispersion
equation that we now have is:
ω2(1 + k2yρ
2
s)− ω∗ω − k2zc2s +
i(ω2 − k2zc2s)(ω2 − ω∗ω − k2zc2s)
ωk2zDz
= 0. (19)
The real frequency is the same as in the earlier Eq. (14). Hence, using Eq. (14) the
imaginary part of the frequency now becomes
ωi ≃
ω2rk
2
yρ
2
s
k2zDz
ω2r − k2zc2s
ω2r(1 + k
2
yρ
2
s) + k
2
zc
2
s
=
ω2rk
2
yρ
2
s
k2zDz
ω∗ωr − ω2rk2yρ2s
ω2r(1 + k
2
yρ
2
s) + k
2
zc
2
s
. (20)
We remark the obvious difference in the instability threshold in the expression (16), and
the correct expression (20), and we stress the absence of the threshold in Eq. (15).
V. The ion response to the friction is usually neglected on the basis of the huge difference
in mass of the different species. However, this difference in mass may be compensated by
the frequent electron collisions with ions, so that sooner or later the ions start to move in
the parallel direction due to the electron drag. To get a feeling on the effects of collisions
and the corresponding time scales, we may discuss the following two separate cases.
a) Assuming that the condition (1) is satisfied, the ions respond in the parallel direction
only through the friction. The electron velocity V0 is assumed nearly constant
6
by the parallel electric field of the wave. From (7), assuming that the ions are
initially at rest, the ion velocity, normalized to V0, becomes 1− exp(−νiet). Taking
n0 = 10
18 m−3, Te = 10
4 K, Ti = 2 · 103 K, we have νie = 7 · 103 Hz. A simple
plot of the ion velocity reveals that it becomes close to 1 already after about 0.0007
seconds.
b) Taking another extreme case where electrons initially, due to any external reason
acquire a velocity ve0 = V0, without any additional force, and where vi0 = 0. In
this case the electron velocity is not kept constant, the interaction of the two fluids
yields the evolution of the two velocities:
~ve =
νie~V0
νei + νie
+
νei~V0
νei + νie
· exp[−(νei + νie)t], (21)
~vi =
νie~V0
νei + νie
− νie
~V0
νei + νie
· exp[−(νei + νie)t]. (22)
Here, the electron and ion velocities monotonously change in time towards the com-
mon velocity (the first term on the right-hand side) vc ≃ V0me/mi ≪ V0 which,
for the same parameters as above, is achieved within the time interval shorter than
10−6 sec. The characteristic time for the velocity relaxation is ∼ 1/(νei + νie). This
is presented in Fig. 1.
A real physical situation, as in the case of the drift wave discussed earlier, is expected
to be somewhere in between the two extremes presented above. Hence, in spite of a huge
mass difference, the collisions (friction) will force ions to move along the magnetic field
lines, and, due to the same reason, the electron velocity amplitude associated with the
drift wave is expected to be considerably smaller.
VI. We shall check now the case of a plasma with dominant electron collisions with
neutrals. The electron parallel momentum Eq. (6) now reads
0 = en0
∂φ1
∂z
− κTe∂n1
∂z
−men0νen(vez1 − vnz1). (23)
The ion dynamics is the same as above, so we use Eq. (8). The dynamics of neutrals is
completely described by
∂vnz1
∂t
= −νne(vnz1 − vez1). (24)
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This is used in Eq. (23), with the momentum conservation condition that now reads
mnnnνne = men0νen, yielding
vez1 =
iakzv
2
Te
νen
(
eφ1
κTe
− n1
n0
)
, a = 1 +
iǫνen
ω
. (25)
Here, ǫ = men0/(mnnn), and in view of Eq. (2) this is a small quantity for any plasma.
For instance, for an electron-proton plasma in a hydrogen gas mn = mi = mp, it is of the
order 10−6 or less. Equation (25) is used in the electron continuity Eq. (3) yielding
n1
n0
=
ω∗ + iak
2
zD
ω + iak2zD
, D =
v2
Te
νen
. (26)
In the case ω, ω∗ ≪ k2zD, Eq. (26) can be written as
n1
n0
=
[
1 +
ǫ2ν2en
ω2
− ǫνen
ω
ω + ω∗
k2zD
+
i(ω − ω∗)
k2zD
](
1 +
ǫ2ν2en
ω2
− 2ǫνen
k2zD
)−1
. (27)
We have 1 ≫ 2ǫνen/k2zD ≫ ǫ2ν2en/ω2, the real part is therefore very close to unity, while
the imaginary part is simply i(ω − ω∗)/k2zD. Consequently, combining Eq. (27) with
Eq. (8), the real part of the frequency appears described as earlier by Eq. (14), while the
imaginary part becomes similar to Eq. (16), viz.
ωi ≃ ω
2
r
k2zD
ω2rk
2
yρ
2
s − k2zc2s
ω2r(1 + k
2
yρ
2
s) + k
2
zc
2
s
. (28)
However, we stress again that Eq. (16) follows from a formally incorrect procedure.
Compared to the previously discussed e − i collision case (20), it is seen that i) in
both cases the threshold is caused by the ion sound response, however, ii) the instability
threshold in Eq. (28) is shifted towards higher frequencies (because kyρs is usually less
than unity).
Although the two cases describe two physically different plasma environments, the
explanation for case ii) should be as follows. The lower threshold frequency in the e − i
case implies that electrons experience a larger amount of collisions with ions within a wave
period, which is in fact necessary to compensate for the ion movement in the parallel
direction (due to the parallel electric field). This is because moving ions (in the same
direction as electrons) represent a less efficient barrier for electron parallel motion and, in
order to have the necessary phase shift between the density and potential, the electrons
should have more collisions for the instability to take place. On the other hand, in the e−n
case, a higher frequency (equivalent to a smaller amount of collisions) for the instability
8
to develop is possible because neutrals are less movable in the parallel direction (they
do not react to the parallel electric field), and therefore they represent a more effective
barrier.
VII. To conclude, the self-consistent inclusion of the momentum conservation in the ion
and electron equations, which originates from the collisions between the two fluids, yields
a different instability threshold that, to the best of our knowledge, has not been discussed
in the literature so far. The correct expressions (20) and (28) should be used for estimates
of the growth rate and the instability threshold for the collisional drift mode.
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Figure caption:
Fig. 1. The evolution of the ion velocity from Eqs. (21, 22) for an electron-ion plasma,
normalized to νieV0/(νei + νie), and for ve0 = V0, vi0 = 0.
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